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Gradient descent

Summary R

A classical problem of function minimization is consiliered. MmN ‘F()\.)
e~ e Y o€l "
Tr1 = ok — MV (@) \ Re® (GD)

e The bottleneck (for almost all gradient methods) is choosing step-size, wh|acan lead to
dramatic difference in method's behavior. "_y_—f"WP wato| ﬂﬂ“"‘g (

e One of the theoretical suggestions: choosing stepsize inversly proportional to the gradient ,:c
1 om—
Lipschitz constant i, = T ¢ Yo ctoraQy k\w\w.\u‘q leu.ut'l'q L_ pt 6;"\)‘

e |n huge-scale applications the cost of iteration is usually defined by the cost of gradient L - “d‘C“

calculation (at least O(p)) )
e [f function has Lipschitz-continious gradient, then method could be rewritten as follows:
1
Trp1 =2k — TV (zr) =
: L 2
= argmin « f (zx) + (VS (zr), 2 — z1) + < ||z — 2l >
zeR™ 2 ° X
Intuition

Direction of local steepest descent

Let's consider a linear approximation of the differentiable function f along some directi

h,[[h]l2 = 1: X
f(z +nh) = f(z) + n{f'(z), h) + o(n)
We want h to be a decreasing direction:
flx+nh) < f(z) N
£(2) +n(f' (@), ) + ofn) < £(a) I g
and going to the limit atn — O:
(f'(z),h) <0

Also from Cauchy-Bunyakovsky-Schwarz inequality:

[(F(@), M < I @)2llhll: = (f'(2),h) >
Thus, the direction of the antigradient

f'=)

@)l
gives the direction of the steepest local decreasing of the function f. ﬂ

The result of this method is

Tri1 =z, — nf' (zk)
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Gradient flow ODE

Let's consider the following ODE, which is referred as Gradient Flow equation.

dx

!/
— = —f(x(t
AL
and discretize it on a uniform grid with 7 step:
Tr+1 — Tk
——— = —f'(zx),

n
where zj, = z(tr) and n = tg1 — tg - is the grid step.
From here we get the expression for 1
T =z — nf' (x1),

which is exactly gradient descent.

Necessary local minimum condition

fl(z)=0
—nf'(z) =0

“ z —nf'(z) =Z A4
Tk — nf’(wk) = Tk

This is, surely, not a proof at all, but some kind of intuitive explanation.

Minimizer of Lipschitz parabola

Some general highlights about Lipschitz properties are needed for explanation. If a function
f : R™ — Ris continuously differentiable and its gradient satisfies Lipschitz conditions with
constant L, then Vz,y € R™

76) ~ @)~ (VS(@)y — )| < Sy~ sl

which geometrically means, that if we'll fix some point £y € R™ and define two parabolas:
L 2
61(2) = f(@0) + (Vf(@0),2 — 20) — 5} — ol

Ba(w) = F(wo) + (Vf(2),2 — 20) + +|la — o] >
Then

d1(z) < f(z) < pa(x) Ve R™

Now, if we have global upper bound on the function, in a form of parabola, we can try to go
directly to its minimum.
V¢2(x) =0
Vf(zo) + L(z* —x¢) =0
. 1
Tt =xo — fvf(wo)

1
Thil = Tk — fo(mk)
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of €
f(z) L ool e

e o >
:Ek aj]{: +1 f\\mm“ktédﬂ - xum
S (,ku‘\,kooéf%*@e

This way leads to the + + stepsize choosing. However, often the L constant is not known. UBMM

But if the function is twice continuously differentiable and its gradient has Lipschitz constant L,
we can derive a way to estimate this constant Yz € R™:

IV*f(z)l < L

LIS Vf(@) SLL JK(M?‘/‘/ ﬁql/%\\

Stepsize choosing strategies N

Stepsize choosing strategy m;, significantly affects convergence. General {%include link.html
title='Line search algorithms might help in choosing scalar parameter.

Constant step5|ze = \e-2

B Y
+ npecTo

D
Jq(?\ﬁ K _ \M‘!ﬁo Hw%cm" Cwaton I

6
cwg“*”"" ) — flon) 2 (1 - 3D0) IV He)?

With choosingn = % we have:

flzr) — f(zr1) > LL”Vf(mk)H “eos
! ”“9 wa'g
Fixed sequence + ““t\m% RO
i _ (Of\bm Eoﬂﬂ}

Nk =
vk+1

The latter 2 strategies are the simplest in terms of implementation and analytical analysis. It is
clear that this approach does not often work very well in practice (the function geometry is not
known in advance).
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Mo oero geliuero gyea.
Exact line search aka steepest descent

+ Havunusn ’otaéo watd
m&uﬂw ua LB

More theoretical than practical approach. It also allows you to analyze the convergence, b t often
exact line search can be difficult if the function calculation takes too long or costs a lot. ‘S(X"*) %’l)

Interesting theoretical property of this method is that each following iteration is orthogonal to the

previous one: %“)
Mk = argrrlgﬂiqg fl@r =0V f(zx)) %(KA

Optimality conditions:

Vi(@ie) Vi(zr) =

Goldstein-Armijo ~+ —>

0

This strategy of inexact line search works well in practice, as well as it has the following geometric
interpretation:

Let's consider the following scalar function while being at a specific point of .

¢(n) = f(zx —nVf(zk)),n=>0

consider first order approximation of ¢(n):

o(n) ~ f(zr) — 0V f(zr) "V f(zk)

Let's consider also 2 linear scalar functions ¢1(n), ¢2(n):

¢1(n) = f(zx) — anl|V ()|

and

¢2(n) = f(ax) — Bnl|V f(zx)||?

Note, that Goldstein-Armijo conditions determine the location of the function ¢(n) between
#1(n) and ¢2(n). Typically, we choose o = pand B =1 — p,while p € (0.5,1)

¢ (1),
f(xy)

rd

d(n)

$2(n)

0 <I>1('7)\ r] * T]
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Convergence analysis
Quadratic case
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. . Type of ¥
_ < — <

Conditions | f(zr) — f(z*)]| < convergence |z — z*[||< L\
Convex \(‘ Lq
; it 1\ GR .
L|psc?h|tz (@) (—) —_— Sublinear Y' - e Q
continuous k k Y4
function(G)
Convex
inschitz- 1\ LR?
L|pscfh|tz of— Sublinear
continuous k k

gradient (L)

p-Strongly convex
Lipschitz-

continuous Linear (1 B nu)kR2
gradient(L)

u-Strongly convex o

Lipschitz- Locally linear RR 1_ 2u
continuous R<R R—R L+3u

hessian(/M) V\?‘qé“' c
o
Y oy
|lxo — «*|| - initial distance Q/‘{\ / \N[}ﬁ

e R=
.« B2 §
M g\g ~
Materials , —>

| &

e The zen of gradient descent. Moritz Hardt
e Great visualization

Subgradient and subdifferential

Motivation

BaxHbIM CBOMCTBOM HeENPEePbIBHOM BbINyKITOM OYHKLMN f(x) ABMSAETCA TO, YTO B BbIOPAHHOW TOUKE I
ans scex € € dom f BbINOMHEHO HEPABEHCTBO:

f(z) > f(zo) + (g, — o)

Ansi HEKOTOPOro BekTopa g TO eCTb KacaTesibHas K rpadouky yHKLMUM J'IFleTCFl enoﬁan &lo
CHV3y Ans d)yHKLI,I/II/I.

— K/
— R — __’4_,
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e Ecrm f(z) - aucbpeperumpyema, 1o g = V f(z()
e He BCe HenpepbIBHbIE BbIMYKIble (PYHKUUN anddepeHumpyemsl :)

He xo4eTcsa nuwaTbecst Takoro BKYCHOIo cBoncTBa.

Subgradient

BekTop g Ha3sbiBaeTcs cy6rpaguentom dyHkumm f(x) : S — R B Touke g, ecrm Ve € S:
f(z) = f(zo) + (9, — o)
\——W‘J
o . T
Subdifferential .0

MHoxecTBO BCcex cybrpaaneHToB dyHkumm f(z) B Touke T HasbiBaeTcs cy6anddepeHumanom f B
x( 1 o6o3Havaetcs O f(xzp).

e Ecrmzg € riS, 1o 9f(x() BbINYKNOE KOMNAKTHOE MHOXECTBO.
e Buinyknas dyrkuns f(x) anddepeHumpyema s Touke g <= 0f(zg) = V f(z¢)
o Ecrmdf(zg) # 0 Vo € S, 10 f(x) - Boinykna Ha S.

f(x)
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Moreau - Rockafellar theorem (subdifferential of a linear
combination)

Myctb f;(z) - BEINYKNblE OYHKUMM Ha BbINYKIbIX MHOXecTBax S;, ¢ = 1,n.

n n
Toraa, ecm () riS; # 0 1o dyrkumsa f(z) = > a; fi(z), a; > 0 umeer cybanddepeHuman
i=1 i=1

Os f(x) na mHoxectee S = ] S; u

i=1

s f (@ Za Os. fi(z

Dubovitsky - Milutin theorem (subdifferential of a point-wise
maximum)

Myctb f;(z) - BEINYKIIbIE YHKLUMM HA OTKPLITOM Bhinykriom MHoxectee S C R™, o € S, a
MoTO4EYHbIN MakcuMyMm onpegensieTcs kak f(x) = max f;(z). Torpa:
(]

0sf(wo) = COHV{ U asfi(fﬂo)},

i€l(z)
mel(z) ={i€[l:m]: fi(z) = f(z)}
Chain rule for subdifferentials

MycTb g1, - - - y Gm - BbINYKIble (YHKLMM HA OTKPBLITOM Bbinykriom MHoxectse S C R”,
9= (91,---,9gm) - 06pA30BaHHAsA M3 HINX BEKTOP - (yHKLMS, - MOHOTOHHO HeyBbiBatoLLas
BbINyknas dyHKUMs Ha OTkpbIToM Boinykrnom MHoxectee U C R™, npudem g(S) C U. Torga

cy6amddeperuman dyHkummn f(z) = ¢ (g(x)) nmeer sua:

of(z) = | (Zp@agz )

pEdp(u)

rme u = g(z)
B wacTtHocTY, ecnin doyHKUMA © andepeHLmpyema B TOUKe u = g(m) TO chopmyna 3anuwieTcs Tak:

=322,

i=1

Subdifferential calculus

e J(af)(xz) = adf(x), fora >0

e I fi)(x) = > 0fi(x), fi - sbinyknble dyHKUMM
o O(f(Azx + b)) (z) = ATOf(Az + b), f - BoINyKNas dyHKLUMS
e z€ Of(z)ifandonlyifx € 9f*(2).

Examples

KoHuenTyanbHo, pasnuyatoT Tpu crnocoba peLleHnst 3agad Ha nouck cyerpaameHTa:

e Teopembl Mopo - Pokadhennapa, komno3uumm, Makcumyma
e [eomeTpuyeckm
e [lo onpegeneHunto


af://n157
af://n160
af://n164
af://n170
af://n180

. %(X\ = Mﬂrb“i + AWl
Hait B f(z), sonm f(z) = |z ,\7&_ _ ap“ (Nfo\ + X&.V(\N\D

PeweHue:

Pewntb 3agadvy MOXXHO NMBO reoMeTpruYeckn (B KaXkaon TOUKE YMCIIOBOM NPSIMOW YKka3aTb YrioBble
Ko3ahpULMEHTbI NpAMBbIX, rMobaneHO noanuparLwmx QYHKLMIO CHU3Y), TMbo no Teopeme Mopo -
Pokadennapa, paccMoTpeB f(m) KaK KOMMNO3ULMIO BbIMYKIbIX GOYHKLNIA:

f(z) = max{—z,z}

flx) =[x o0f (x)

2

Haittn 0f (), ecnm f(z) = 1,+ |z + 1

PelwweHnne:

CoBepLUeHHO aHanornyHo npumeHsiem teopemy Mopo - Pokadennapa, yuntbiBas crieaytoLlee:

—1 r <1 —1, r<—1
0fi(z) = {CLIL] @=1 0 =_[C51) «=-1
1, z>1 1, z>—1

Takum obpasom: —_— _“ -,‘ ,)(
-2, z< -1
[—2;0], z=-1
of(z) =10, -l<z<1
[ 72], T =
2, z>1
3

Haittn 8 f(x), ecnm f(x) = [max(0, fo(z))]?. 3aecb fo(z) - BbINykNas dyHKUMS Ha OTKPLITOM
BbINyKIIoM MHoXecTse S, ¢ > 1.

PelueHne:
CornacHo Teopeme 0 KOMMNO3nLMmn (PYyHKLNS go(m) = z7 - pndbpepeHumupyema), a

g(z) = max(0, fo(z)) umeem: df(z) = q(g(z))? ' dg(z)
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Mo Teopeme 0 NOTOYEYHOM MaKCUMYME:

ofo(z), fo(z) >0,
dg9(z) = { {0}, fo(z) <O
{ala=Xa’, 0 <A<, @ €0fo(x)}, folz) =0
4

Haittn Of(x), ecrm f(z) = sinz, z € [r/2; 27

(—o0,cosmg)|, = =7/2;

0 fa(x) = a, x € (m/2,20);
cos x, x € [zg,27);
[1,+00), T = 2r.

5

Haittn 0f (), ecrm f(z) = |e] z| + |cg 2]

Pewenne: Mycts f1(z) = |c¢] z|, a f2(z) = |c, z|. Tak kak 3T chyHKLMM BBINYKABI,
cybanddepeHumnan nx cyMmbl paBeH cymme cyoanddepeHumanos. Hangem kaxagbii U3 HAX:

—cq, cjz <0
8fi(z) = 0 (max{c{ z,—c{ z}) = conv(—ci;c1), cjz=0
c1, clTra: >0
—c2, cor <0
0f>(z) = 0 (max{cj z,—c,z}) = { conv(—cy;cs), cjz =0
ca, cox >0

Hanee MHTEepPeCHbIMUN NMpeacTaBnAlOTCA NMULLb pa3fiMyHblie B3aMHbI€ pacnorioXXeHUsA BEKTOPOB C1 U Co,
paccMoTpeHne KOTOPbIX NpeanaraeTca YntaTernto.

6

Haittn Of (), ecnm f(z) = ||z||1
Pewenne: Mo onpeaenexunio

|z|l1 = |z1| + |2 + - .- + |Tn| = 5121 + 222+ ... + $pTp

PaccmoTpyM 3Ty CyMMY KaK NOTOYEYHbIN MAaKCUMYM NUHENHbIX (OYHKLMIA MO X: g(a:) =s'x, e

S; = {—1, 1}. Kaxxgasa Takasa dyHKUMA 0gHO3HAYHO onpeaensieTca Habopom KoadhmLumeHToB

{si -
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Torga no Teopeme [ly6oBuLKoro - MunioTuHa, B kaxaoi Touke f = conv ( U Bgi(:z:)>

iel(x)

—s, s'e <0

3ametum, uto dg(z) = 0 (max{s 'z, —s'z}) = { conv(—s;s), s 'z =0.
s, s'z>0

Mpuyem, npaBmno Bbibopa "akTUBHOM" OYHKLIMM NOTOYEHYHOro MakCUMyMa B KaX4om TOUKe
cnepyiolee:

e Ecnu j-as koopauHaTa TO4YKM OTpuLaTernbHa, sg =—-1

e Ecnu j-aq koopguHaTa TOYKU MONOXUTENbHA, sg =1

e Ecnu j-as KoopAanHaTa TOYKM paBHa HyIo, TO NOAXoAsT 0ba BapmaHTa KoadrLNEHTOB U
COOTBETCTBYOLLMX UM PYHKLNIA, @ 3HAYUT, HEOOXOAMMO BKIOYaTb CyOrpagmeHTbl 3TUX OyHKUMIA B
o6beanHeHne B Teopeme [y6oBuukoro - MuntoTuHa.

B ntore nonyyaem oTBerT: W\"J\F(ﬂ

0f@) = {g : lglw <1, g'z=lzl} &D
References
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Projection e

Projection Fver

Distance between point and set .“— (N\

The distance d from point y € R" to closed set S C R™:

Amwﬁu
5,5, = el —yl | = < S} & (xy_ JN’RB

Projection of a point on set g;‘
N =
Projection of a pointy € R™ onset.S C R"is a point wg(y ‘it

Ims(y) =yl < llx—yl,vx € S

e if setis open, and a point is beyond this set, then its prOJectlon on this set does not eX|st

N = Yo

e if a pointis in set, then its projection is the point itself \ku

. 75(y) = argmin [|[x — y/|

e Let S C R"™-convex closed set. Let the pointy € R" um € S. Then if fo @all X € Sthe
inequality holds: V\" \ae "““a&"w

(m—y,x — 7 >0, ““s b_“ J‘a\“< “X’ ‘3\\

then 7 is the projection of the pointy Ha S, somg(y) = 7

e Let S C R" - affine set. Let we have points y € R" nm € §. Then 7 is a projection of point
y Ha S, so wg(y) = mif and only if for all x € S the inequality holds:

<7r—y,x—7'r>:0
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¢ Sufficient conditions of existence of a projection. If S C R" - closed set, then

for all points exist projection on set S.
¢ Sufficient conditions of uniqueness of a projection. Ecnn .S C R” - convex set,

then projection for all point on set S'is unique (if exists).
Example 1
Findmg(y) =m if S={z € R"| ||t — x| <R} y & S

Solution:

Y—Zo

e Build a hypothesis from the figure: m = g + R - Tu=zol

¢ Check the inequality for a convex closed set: (7 — y)T(:L' —7m) >0

((y—mo)(R— ly — @ol|) )T ( (z — o) |ly — zol| —R(y—mo)) _

ly — o] |y — 20|

R—ly — x|
ly — zol[?

Ry — a0 ,
Bolw=2ol ()~ 20)7 (@ — 20) - Rlly — a0} =
7w (a0 @) )

(y —20)" (& = z0) |y — 2o — R(y —20)) =

(y —z0)"(z —xo) R)

Iy — o

(R Iy - o) (

e The first factor is negative for point selection y. The second factor is also negative if we apply
the Cauchy - Bunyakovsky theorem to its notation:

(y—z0)"(z — z0) < [ly — zo]|lz — @0l

— X Tx—m — T r—
-2 @—20) p_ly—aolllz—zl p_\ 0 RrR<o
ly — 2ol [y — ol



af://n265

Example 2
Findms(y) =mifS={z€R" | cTz=b},yZ S

Solution:

¢ Build a hypothesis from the figure: m = y + ac. Coefficient ct is chosen so that € S:

't =0, so:

c(y+ac)=>b
dy+acte=5b
cy=b—acle
e Check the inequality for a convex closed set: (7 — y)T(z — 7) > 0
(y+ac—yT(z—y—ac) =
acl(z —y—ac) =
a(cTz) — a(c’y) — a®(cfec) =
ab—ab—acle) — a’cfc=
ab—ab+ a’cfe—a’cle=0>0
Example 3
Findmg(y) =mifS={z € R"| Az =b,Ac R™™"becR"}y¢ S

Solution:


af://n282
af://n299

e Build a hypothesis from the figure: m = y + i A =y+ AT o, Coefficient o is chosen
sothatm € S: Am = b, so: -
Aly+ ATa)=b
Ay=b—AATa
e Check the inequality for a convex closed set: (7 — y)T(z — 7) > 0
(y+ATa -y (z -y ATa) =
aTA(z —y— ATa) =
aT(Az) — o (Ay) — aT(AATa) =
a’b—af(b— AATa) — aTAATa =

aTv—a’v+ atAATa — aTAATa=0>0
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