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HQHUJ\�WKURXJK�WKH�SDWK��:H�ZLOO�FRQVLGHU�RQO\�NLQHWLF�HQHUJ\��ZKLFK�LV�SURSRUWLRQDO�WR�WKH
VTXDUHG�VSHHG�DW�HDFK�SRLQW�RI�WLPH��WKDW
V�ZK\�RSWLPL]DWLRQ�SUREOHP�WDNHV�WKH�IROORZLQJ�IRUP�
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V�LPDJLQH��WKDW�WKHVH�SRLQWV�DUH�QRWKLQJ�HOVH�EXW�KRXVHV�LQ�VRPH��G�YLOODJH��6DOHVPDQ

VKRXOG�ILQG�WKH�VKRUWHVW�ZD\�WR�JR�WKURXJK�WKH�DOO�KRXVHV�RQO\�RQFH�

7KDW�LV��YHU\�VLPSOH�IRUPXODWLRQ��KRZHYHU��LPSOLHV� ���KDUG�SUREOHP�ZLWK�WKH�IDFWRULDO�JURZWK�RI
SRVVLEOH�FRPELQDWLRQV��7KH�JRDO�LV�WR�PLQLPL]H�WKH�IROORZLQJ�FXPXODWLYH�GLVWDQFH�

ZKHUH� �LV�WKH� �WK�SRLQW�IURP� �DQG� �VWDQGV�IRU�WKH� ��GLPHQVLRQDO�YHFWRU�RI�LQGLFLHV��ZKLFK
GHVFULEHV�WKH�RUGHU�RI�SDWK��$FWXDOO\��WKH�SUREOHP�FRXOG�EH�IRUPXODWHG�DV�DQ�/3�SUREOHP��ZKLFK�LV
HDVLHU�WR�VROYH�

*HQHWLF��HYROXWLRQ��DOJRULWKP �
2XU�DSSURDFK�LV�EDVHG�RQ�WKH�IDPRXV�JOREDO�RSWLPL]DWLRQ�DOJRULWKP��NQRZQ�DV�HYROXWLRQ
DOJRULWKP�

3RSXODWLRQ�DQG�LQGLYLGXDOV �

)LUVWO\�ZH�QHHG�WR�JHQHUDWH�WKH�VHW�RI�UDQGRP�VROXWLRQV�DV�DQ�LQLWLDOL]DWLRQ��:H�ZLOO�FDOO�D�VHW�RI
VROXWLRQV� �DV�SRSXODWLRQ��ZKLOH�HDFK�VROXWLRQ�LV�FDOOHG�LQGLYLGXDO��RU�FUHDWXUH��

(DFK�FUHDWXUH�FRQWDLQV�LQWHJHU�QXPEHUV� ��ZKLFK�LQGLFDWHV�WKH�RUGHU�RI�E\SDVVLQJ�DOO�WKH
KRXVHV��7KH�FUHDWXUH��WKDW�UHIOHFWV�WKH�VKRUWHVW�SDWK�OHQJWK�DPRQJ�WKH�RWKHUV�ZLOO�EH�XVHG�DV�DQ
RXWSXW�RI�DQ�DOJRULWKP�DW�WKH�FXUUHQW�LWHUDWLRQ��JHQHUDWLRQ��
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(DFK�LWHUDWLRQ�RI�WKH�DOJRULWKP�VWDUWV�ZLWK�WKH�FURVVLQJ��EUHHG��SURFHGXUH��)RUPDOO\�VSHDNLQJ��ZH
VKRXOG�IRUPXODWH�WKH�PDSSLQJ��WKDW�WDNHV�WZR�FUHDWXUH�YHFWRUV�DV�DQ�LQSXW�DQG�UHWXUQV�LWV
RIIVSULQJ��ZKLFK�LQKHULWV�SDUHQWV�SURSHUWLHV��ZKLOH�UHPDLQLQJ�FRQVLVWHQW��:H�ZLOO�XVH�RUGHUHG
FURVVRYHU�DV�VXFK�SURFHGXUH�
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ΖQ�RUGHU�WR�JLYH�RXU�DOJRULWKP�VRPH�DELOLW\�WR�HVFDSH�ORFDO�PLQLPD�ZH�SURYLGH�LW�ZLWK�PXWDWLRQ
SURFHGXUH��:H�VLPSO\�VZDS�VRPH�KRXVHV�LQ�DQ�LQGLYLGXDO�YHFWRU��7R�EH�PRUH�DFFXUDWH��ZH�GHILQH
PXWDWLRQ�UDWH��VD\�� ���2Q�WKH�RQH�KDQG��WKH�KLJKHU�WKH�UDWH��WKH�OHVV�VWDEOH�WKH�SRSXODWLRQ�LV�
RQ�WKH�RWKHU��WKH�VPDOOHU�WKH�UDWH��WKH�PRUH�RIWHQ�DOJRULWKP�JHWV�VWXFN�LQ�WKH�ORFDO�PLQLPD��:H
FKRRVH� �LQGLYLGXDOV�DQG�LQ�HDFK�FDVH�VZDS�UDQGRP� �GLJLWV�
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FDOFXODWH�WRWDO�SDWK�GLVWDQFH�WR�HDFK�LQGLYLGXDO�DQG�VHOHFW�WRS� �RI�WKHP��

ΖQ�JHQHUDO��IRU�DQ\� ��ZKHUH� �LV�WKH�QXPEHU�RI�GLPHQVLRQV�LQ�WKH�(XFOLGHDQ�VSDFH��WKHUH�LV�D
SRO\QRPLDO�WLPH�DOJRULWKP�WKDW�ILQGV�D�WRXU�RI�OHQJWK�DW�PRVW� �WLPHV�WKH�RSWLPDO�IRU

JHRPHWULF�LQVWDQFHV�RI�763�LQ
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7RWDO�YDULDWLRQ�LQ�SDLQWLQJ �
3UREOHP �

*UD\VFDOH�LPDJH �

$�JUD\VFDOH�LPDJH�LV�UHSUHVHQWHG�DV�DQ� �PDWUL[�RI�LQWHQVLWLHV� ��W\SLFDOO\�EHWZHHQ�WKH
YDOXHV� �DQG� ���:H�DUH�JLYHQ�DOO�WKH�YDOXHV�RI�FRUUXSWHG�SLFWXUH��EXW�VRPH�RI�WKHP�VKRXOG�EH
SUHVHUYHG�DV�LV�WKURXJK�WKH�UHFRYHULQJ�SURFHGXUH�� ��ZKHUH�

�LV�WKH�VHW�RI�LQGLFHV�FRUUHVSRQGLQJ�WR�NQRZQ�SL[HO�YDOXHV��2XU�MRE�LV
WR�LQ�SDLQW�WKH�LPDJH�E\�JXHVVLQJ�WKH�PLVVLQJ�SL[HO�YDOXHV��L�H���WKRVH�ZLWK�LQGLFHV�QRW�LQ� ��7KH
UHFRQVWUXFWHG�LPDJH�ZLOO�EH�UHSUHVHQWHG�E\� ��ZKHUH� �PDWFKHV�WKH�NQRZQ�SL[HOV��L�H��
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7KH�UHFRQVWUXFWLRQ� �LV�IRXQG�E\�PLQLPL]LQJ�WKH�WRWDO�YDULDWLRQ�RI� ��VXEMHFW�WR�PDWFKLQJ�WKH
NQRZQ�SL[HO�YDOXHV��:H�ZLOO�XVH�WKH� �WRWDO�YDULDWLRQ��GHILQHG�DV

6R��WKH�ILQDO�RSWLPL]DWLRQ�SUREOHP�ZLOO�EH�ZULWWHQ�DV�IROORZV�

7KH�FUXFLDO�WKLQJ�DERXW�WKLV�SUREOHP�LV�GHILQLQJ�VHW�RI�NQRZQ�SL[HOV� ��7KHUH�DUH�VRPH�KHXULVWLFV�
IRU�H[DPSOH��ZH�FRXOG�VWDWH��WKDW�HDFK�SL[HO�ZLWK�FRORU�VLPLODU��RU�H[DFWO\�HTXDO��WR�WKH�FRORU�RI�WH[W
LV�XQNQRZQ��7KH�UHVXOWV�IRU�VXFK�DSSURDFK�DUH�SUHVHQWHG�EHORZ�
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)RU�WKH�FRORU�FDVH�ZH�FRQVLGHU�LQ�SDLQWLQJ�SUREOHP�LQ�D�VOLJKWO\�GLIIHUHQW�VHWWLQJ��GHVWUR\LQJ�VRPH
UDQGRP�SDUW�RI�DOO�SL[HOV��ΖQ�WKLV�FDVH�WKH�LPDJH�LWVHOI�LV��G�WHQVRU��ZH�FRQYHUW�DOO�RWKHUV�FRORU
VFKHPHV�WR�WKH�5*%���$V�LW�ZDV�LQ�WKH�JUD\VFDOH�FDVH��ZH�FRQVWUXFW�WKH�PDVN� �RI�NQRZQ�SL[HOV�IRU
DOO�FRORU�FKDQQHOV�XQLIRUPO\��EDVHG�RQ�WKH�SULQFLSOH�RI�VLPLODULW\�RI�SDUWLFXODU��G�SL[HO�WR�WKH�YHFWRU

��EODFN�SL[HO���7KH�UHVXOWV�DUH�TXLWH�SURPLVLQJ���QRWH��WKDW�ZH�KDYH�QR�LQIRUPDWLRQ�DERXW�WKH
RULJLQDO�SLFWXUH��EXW�DVVXPSWLRQ��WKDW�FRUUXSWHG�SL[HOV�DUH�EODFN��)RU�WKH�FRORU�SLFWXUH�ZH�MXVW�VXP
DOO�WY
V�RQ�WKH�HDFK�FKDQQHO�

7KHQ��ZH�QHHG�WR�ZULWH�GRZQ�RSWLPL]DWLRQ�SUREOHP�WR�EH�VROYHG�

5HVXOWV�DUH�SUHVHQWHG�EHORZ��WKHVH�FRPSXWDWLRQV�DUH�UHDOO\�WDNH�WLPH��
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LPSOLHV�ILQGLQJ�ORFDO�PLQLPXP�RI�D�QRQ���FRQYH[�IXQFWLRQ��WKDW�JHQHUDOL]HV�ZHOO��HQRXJK�ͦ���7KH
JRDO�RI�WKLV�VKRUW�WH[W�LV�WR�SURYLGH�\RX�DQ�LPSRUWDQFH�RI�WKH�RSWLPL]DWLRQ�EHKLQG�QHXUDO�QHWZRUN
WUDLQLQJ�
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6WRFKDVWLF�JUDGLHQW�GHVFHQW�EDVHG�DSSURDFKHV�DV�D�ZRUNKRUVH�

ΖQ�VXFK�DOJRULWKPV�RQH�XVHV�WKH�HVWLPDWLRQ�RI�D�JUDGLHQW�DW�HDFK�VWHS�LQVWHDG�RI�WKH�IXOO�JUDGLHQW
YHFWRU��IRU�H[DPSOH��LQ�FURVV�HQWURS\�ZH�KDYH�

7KH�VLPSOHVW�DSSUR[LPDWLRQ�LV�VWDWLVWLFDOO\�MXGJHG�XQELDVHG�HVWLPDWLRQ�RI�D�JUDGLHQW�

ZKHUH�ZH�LQLWLDOO\�VDPSOH�UDQGRPO\�RQO\� �SRLQWV�DQG�FDOFXODWH�VDPSOH�DYHUDJH��ΖW�FDQ�EH
DOVR�FRQVLGHUHG�DV�D�QRLV\�YHUVLRQ�RI�WKH�IXOO�JUDGLHQW�DSSURDFK�
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6RPH�QHFHVVDU\�RU?DQG�VXIILFLHQW�FRQGLWLRQV�DUH�NQRZQ��6HH�2SWLPDOLW\�FRQGLWLRQV��..7�DQG
&RQYH[�RSWLPL]DWLRQ�SUREOHP
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ΖQ�IDFW��WKHUH�PLJKW�EH�YHU\�FKDOOHQJLQJ�WR�UHFRJQL]H�WKH�FRQYHQLHQW�IRUP�RI�RSWLPL]DWLRQ
SUREOHP�
$QDO\WLFDO�VROXWLRQ�RI�..7�FRXOG�EH�LQYLDEOH

ΖWHUDWLYH�PHWKRGV �

7\SLFDOO\��WKH�PHWKRGV�JHQHUDWH�DQ�LQILQLWH�VHTXHQFH�RI�DSSUR[LPDWH�VROXWLRQV

ZKLFK�IRU�D�ILQLWH�QXPEHU�RI�VWHSV��RU�EHWWHU���WLPH��FRQYHUJHV�WR�DQ�RSWLPDO��DW�OHDVW�RQH�RI�WKH
RSWLPDO��VROXWLRQ� �
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2UDFOH�FRQFHSWLRQ �

GHI�*HQHUDO6FKHPH�[��HSVLORQ��

�¬�¬ZKLOH�QRW�6WRS&ULWHULRQ�[��HSVLORQ��

�¬�¬�¬�¬2UDFOH5HVSRQVH� �5HTXHVW2UDFOH�[�
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&RPSOH[LW\ �

&KDOOHQJHV �

8QVROYDELOLW\ �

ΖQ�JHQHUDO��RSWLPL]DWLRQ�SUREOHPV�DUH�XQVROYDEOH��q?� ��q

&RQVLGHU�WKH�IROORZLQJ�VLPSOH�RSWLPL]DWLRQ�SUREOHP�RI�D�IXQFWLRQ�RYHU�XQLW�FXEH�

:H�DVVXPH��WKDW�WKH�REMHFWLYH�IXQFWLRQ� �LV�/LSVFKLW]�FRQWLQXRXV�RQ� �

ZLWK�VRPH�FRQVWDQW� ��/LSVFKLW]�FRQVWDQW���+HUH� ���WKH� ��GLPHQVLRQDO�XQLW�FXEH�
�

2XU�JRDO�LV�WR�ILQG�VXFK� �IRU�VRPH�SRVLWLYH� ��+HUH� �LV�WKH�JOREDO�PLQLPL]HU�RI
WKH�SUREOHP��8QLIRUP�JULG�ZLWK� �SRLQWV�RQ�HDFK�GLPHQVLRQ�JXDUDQWHHV�DW�OHDVW�WKLV�TXDOLW\

ZKLFK�PHDQV��WKDW

2XU�JRDO�LV�WR�ILQG�WKH� �IRU�VRPH� ��6R��ZH�QHHG�WR�VDPSOH� �SRLQWV��VLQFH�ZH�QHHG�WR
PHDVXUH�IXQFWLRQ�LQ� �SRLQWV��'RHVQ
W�ORRN�VFDU\��EXW�LI�ZH
OO�WDNH� �
FRPSXWDWLRQV�RQ�WKH�PRGHUQ�SHUVRQDO�FRPSXWHUV�ZLOO�WDNH������������\HDUV�
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$UJXPHQW�FORVHQHVV�

)XQFWLRQ�YDOXH�FORVHQHVV�

&ORVHQHVV�WR�D�FULWLFDO�SRLQW

%XW� �DQG� �DUH�XQNQRZQ�

6RPHWLPHV��ZH�FDQ�XVH�WKH�WULFN�

1RWH��LW
V�EHWWHU�WR�XVH�UHODWLYH�FKDQJLQJ�RI�WKHVH�YDOXHV��L�H�� �

/RFDO�QDWXUH�RI�WKH�PHWKRGV �

3UREOHP�FODVVLILFDWLRQV �

0HWKRGV�FODVVLILFDWLRQV �

6SHHG�RI�FRQYHUJHQFH �
6XEOLQHDU

ZKHUH� �DQG�

/LQHDU

ZKHUH� �DQG�

6XSHUOLQHDU

ZKHUH� �RU� ��
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4XDGUDWLF

ZKHUH� �DQG�

5RRW�WHVW �

ɉɭɫɬɶ� �ȃ�ɩɨɫɥɟɞɨɜɚɬɟɥɶɧɨɫɬɶ�ɧɟɨɬɪɢɰɚɬɟɥɶɧɵɯ�ɱɢɫɟɥ��ɫɯɨɞɹɳɚɹɫɹ�ɤ�ɧɭɥɸ��ɢ�ɩɭɫɬɶ

ȿɫɥɢ� ��ɬɨ� �ɢɦɟɟɬ�ɥɢɧɟɣɧɭɸ�ɫɯɨɞɢɦɨɫɬɶ�ɫ�ɤɨɧɫɬɚɧɬɧɨɣ� �
ȼ�ɱɚɫɬɧɨɫɬɢ��ɟɫɥɢ� ��ɬɨ� �ɢɦɟɟɬ�ɫɜɟɪɯɥɢɧɟɣɧɭɸ�ɫɯɨɞɢɦɨɫɬɶ�
ȿɫɥɢ� ��ɬɨ� �ɢɦɟɟɬ�ɫɭɛɥɢɧɟɣɧɭɸ�ɫɯɨɞɢɦɨɫɬɶ�
ɋɥɭɱɚɣ� �ɧɟɜɨɡɦɨɠɟɧ�

5DWLR�WHVW �

ɉɭɫɬɶ� �ȃ�ɩɨɫɥɟɞɨɜɚɬɟɥɶɧɨɫɬɶ�ɫɬɪɨɝɨ�ɩɨɥɨɠɢɬɟɥɶɧɵɯ�ɱɢɫɟɥ��ɫɯɨɞɹɳɚɹɫɹ�ɤ�ɧɭɥɸ��ɉɭɫɬɶ

ȿɫɥɢ�ɫɭɳɟɫɬɜɭɟɬ� �ɢ�ɩɪɢ�ɷɬɨɦ� ��ɬɨ� �ɢɦɟɟɬ�ɥɢɧɟɣɧɭɸ�ɫɯɨɞɢɦɨɫɬɶ�ɫ
ɤɨɧɫɬɚɧɬɨɣ�
ȼ�ɱɚɫɬɧɨɫɬɢ��ɟɫɥɢ� ��ɬɨ� �ɢɦɟɟɬ�ɫɜɟɪɯɥɢɧɟɣɧɭɸ�ɫɯɨɞɢɦɨɫɬɶ

ȿɫɥɢ� �ɧɟ�ɫɭɳɟɫɬɜɭɟɬ��ɧɨ�ɩɪɢ�ɷɬɨɦ� ��ɬɨ� �ɢɦɟɟɬ�ɥɢɧɟɣɧɭɸ

ɫɯɨɞɢɦɨɫɬɶ�ɫ�ɤɨɧɫɬɚɧɬɨɣ��ɧɟ�ɩɪɟɜɨɫɯɨɞɹɳɟɣ� �
ȿɫɥɢ� ��ɬɨ� �ɢɦɟɟɬ�ɫɭɛɥɢɧɟɣɧɭɸ�ɫɯɨɞɢɦɨɫɬɶ�

ɋɢɬɭɚɰɢɹ� �ɧɟɜɨɡɦɨɠɧɚ�

ȼɨ�ɜɫɟɯ�ɨɫɬɚɥɶɧɵɯ�ɫɥɭɱɚɹɯ��ɬ��ɟ��ɤɨɝɞɚ� ��ɧɟɥɶɡɹ

ɭɬɜɟɪɠɞɚɬɶ�ɱɬɨ�ɥɢɛɨ�ɤɨɧɤɪɟɬɧɨɟ�ɨ�ɫɤɨɪɨɫɬɢ�ɫɯɨɞɢɦɨɫɬɢ�

5HIHUHQFHV �
&0&�VHPLQDUV��UX�
&9;3<�GRFXPHQWDWLRQ

af://n289
af://n301
af://n317
http://www.machinelearning.ru/wiki/images/9/9a/MOMO18_Extra1.pdf
https://www.cvxpy.org/index.html
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https://colab.research.google.com/github/MerkulovDaniil/sber21_fmin/blob/sources/notebooks/Basic_tools_for_optimization.ipynb
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